Abstract This paper summarizes the contents of a plenary talk at the Pan African Congress of Mathematics held in Rabat in July 2017. We provide a survey of recent results on spectral properties of Schrödinger operators with singular interactions supported by manifolds of codimension one and of Robin billiards with the focus on the geometrically induced discrete spectrum and its asymptotic expansions in term of the model parameters.
Introduction
In this paper we will investigate several classes of problems. Most of them are related with singular Schrödinger operators that can be formally written as
in L 2 (R d ), where the support Γ is a set of Lebesgue measure zero and some geometric properties, for instance, a curve or a metric graph in R 2 , a surface in R 3 , etc. The motivation is twofold. Viewed from the mathematician's ivory tower, they are simply interesting objects in which different areas like operator theory and PDE on the one hand, and geometry and topology of the set Γ on the other hand, are related in a nontrivial way. But there is also a practical side of this effort coming from the need to model a large class of nanostructures usually dubbed quantum graphs and similar objects. The models commonly used and widely studied [6] have one drawback, namely that they neglect quantum tunneling between different part of such a structure. Operators of the type (1) represent an alternative for which the term leaky quantum graphs is often used -cf., e.g., [10] or [21, Chap. 10] .
The topic is rather wide and we will adopt some limitation in the present paper. In particular, we will focus on interaction supports of codimension one and on singular potentials of the δ type, higher codimensions and more singular interactions will be mentioned only episodically.
One the other hand, we are also going to discuss another class of problems which might be regarded as 'one-sided' analogues of the operator (1) describing motion in regions ⊂ R d with Robin (i.e., mixed, or third-type) boundary conditions. We will see that the one-sided character makes these systems in many respects different from the earlier mentioned class.
In all cases our interest concerns primarily the discrete spectrum of the operators involved, its existence and asymptotic expansions of the eigenvalues in terms the parameters of the model. Let us describe the contents of the paper. In the next section we will set the scene with a proper definition of the operators involved, and we will also collect basic facts about their spectra. Section 3 is devoted to asymptotic behavior of the discrete spectrum in the situation when the singular interaction in (1) is strongly attractive, α → ∞, the analogous asymptotic problem for Robin billiards is discussed in Section 4. In Section 5 we turn to a different sort of expansions, this time connected with weak geometric perturbations of the trivial supports Γ such as a line in the plane or a plane in R 3 . In Section 6 we return to billiards, this time in the particular shape of a planar wedge, and amend them with a homogeneous magnetic field ; we will investigate the existence of the discrete spectrum. We conclude the paper with remarks about open problems. Since this is a survey, proofs of our results will be only hinted, however, references will be always given to sources where they can be found in their entirety.
Preliminaries

Definition of the operator
Let us look first how one can give meaning to the heuristic expression. If Γ is a smooth manifold with codim Γ = 1 one can define a self-adjoint operator, H α,Γ , or alternatively 1 −∆ δ,α , by changing the domain of the Laplacian: we suppose that the operator acts as −∆ on functions from H 
This is a physicist's notation with the derivative taken in a fixed normal direction at the point x ∈ Γ which corresponds well to the formal expression as describing the attractive δ-interaction of strength α perpendicular to Γ at the point x [2, Chap. I.3]. A mathematician would prefer to take the sum of the derivatives with respect to the outward derivatives and to stress that the objects entering relation (2) are traces of the functions involved [5, Rem. 2.9] .
The drawback of such a definition is that we want to have the operator also defined for less regular sets Γ . It is easy to check that the above introduced operator H α,Γ is associated with the quadratic form
with the domain H 1 (R d ). This makes it possible to introduce a substantially wider class of operators. We start from the following definition: A finite family of Lipschitz domains
The union ∪ n k=1 ∂Ω k =: Γ is the boundary of P. For k = l we set Γ kl := ∂Ω k ∩ ∂Ω l and we say that Ω k and Ω l , k = l, are neighboring domains if σ k (Γ kl ) > 0, where σ k is the Lebesgue measure on ∂Ω k .
Using these notions we can state the following result [5] :
be a Lipschitz partition of R d with the boundary Γ , and let α : Γ → R belong to L ∞ (Γ ). Then the quadratic form q δ,α defined above is closed and semibounded from below.
Consequently, there is unique self-adjoint operator H α,Γ , or −∆ δ,α , associated with this quadratic form. Note that this definition is not only more general in term of the support regularity but also allows for the coupling strength varying along Γ . In particular, the interaction support may be in fact a proper subset of Γ , since α may vanish on a part of this set. We will use this fact to define H α,Γ on sets Γ with a boundary, otherwise we will always assume in the following that α is constant on its 'true' support.
Remark 1 Similarly one can define more singular interactions on sets of codimension one. Prominent among them is the δ ′ interaction which on a smooth Γ is characterized by a modification of the boundary condition (2), namely the continuity of the normal derivative and a jump of the function value, ψ| + − ψ| − = β∂ n ψ; for less regular supports one can again employ quadratic forms [5] . In a similar way one can also define the general four-parameter family of singular interactions supported by Γ [26] .
Remark 2 A more singular problem is also represented by supports of higher codimensions. It follows from general principles that they can be constructed provided codim Γ ≤ 3. Most attention has been paid in the literature to the case codim Γ = 2 where the operator can be defined via boundary conditions matching generalized boundary values [15] .
Spectrum of −∆ δ,α
In general, the spectrum is determined both by the geometry of Γ and the coupling α, in particular, by its sign. If Γ is compact, it is easy to see that σ ess (−∆ δ,α ) = R + . On the other hand, the essential spectrum may change if the support Γ is non-compact. As an example, take a line in the plane and suppose that α is constant and positive; by separation of variables one finds easily that in this case σ ess (−∆ δ,α ) = [− 1 4 α 2 , ∞). The question about the discrete spectrum is more involved. Suppose first that the interaction support is finite, |Γ | < ∞. It is clear from the above claim about the essential spectrum and (3) that σ disc (−∆ δ,α ) = ∅ holds if the interaction is repulsive, α ≤ 0. For an attractive coupling, on the other hand, the negative discrete spectrum may be non-empty, but whether it is the case is determined by the dimension. Specifically, for d = 2 bound states exist whenever |Γ | > 0, in particular, we have a weak-coupling expansion [34] 
This is not the case for d = 3 where the singular coupling must exceed a critical value to bind. As an example, let Γ be a sphere of radius R > 0 in R 3 , then by [4] we have
and in the same way, weakly bound states do not exist in dimensions d > 3.
Remark 3
For the more singular interactions mentioned in the above remarks the weak coupling behavior may look differently. A curve in R 3 may have no bound states if it too short or the interaction is too weak [18] . The δ ′ interaction supported by a planar loop is more interesting as the result depends here on the topology of the support. If Γ is a loop a discrete spectrum is nonempty as a simple variational argument shows, on the other hand, a non-closed curve has no bound states if the coupling is weak enough [33] .
Geometrically induced bound states
The above results may seem predictable because H α,Γ is after all nothing but a Schrödinger operator. What could be more surprising is that the geometry itself may induce a discrete spectrum. As an example, consider the case d = 2 and suppose that Γ is an infinite curve. We have mentioned above that if the latter is a line, the spectrum is purely essential, σ(−∆ δ,α ) = [− 1 4 α 2 , ∞). Let us now look what a geometric perturbation could do. To be specific, we consider a non-straight, piecewise C 1 -smooth curve Γ : R → R 2 parameterized by its arc length
Under these assumptions we have the following result [12] :
and, in addition, −∆ δ,α has at least one eigenvalue in (−∞, − 
The bending is regarded as a perturbation of the straight line for which the equation R ζ α,Γ ψ = ψ is of a convolution type and the spectrum of R ζ α,Γ is easily found to be 0, α 2ζ . The crucial observation is that, in view of the free resolvent kernel properties, this perturbation is sign definite, and furthermore in view of our asymptotic straightness assumption it is compact. Thus the spectrum of R ζ α,Γ for the non-straight Γ extends above α 2ζ but the added part may consist of isolated eigenvalues only. It is easy to check that those depend continuously on ζ and tend to zero as ζ → ∞, hence there is a value ζ > α 2π
at which such a curve crosses the value one.
Geometrically induced bound states exist in other situations too, let us briefly recall some presently known results:
-the above result and its extensions mentioned below have implications for more complicated Lipschitz partitions: ifΓ ⊃ Γ holds in the set sense, then we have H α,Γ ≤ H α,Γ . If the essential spectrum thresholds are the samewhich is often easy to establish -then σ disc (H α,Γ ) = ∅ holds whenever the same is true for σ disc (H α,Γ ) -in higher dimensions the situation is more complicated. For smooth curved surfaces, Γ ⊂ R 3 , an analogous existence result is proved in the strong coupling asymptotic regime, α → ∞, only [16] -on the other hand, we can mention the example of a conical surface of an opening angle θ ∈ (0,
, where for any constant α > 0 we have σ ess (−∆ δ,α ) = R + and an infinite numbers of eigenvalues below − 1 4 α 2 accumulating at the threshold [5] -moreover, the above result remains valid for any local deformation of the conical surface. We also know the accumulation rate for conical layers: by [36] it is
and a similar result also holds for non-cylindrical cones [37] -on the other hand, the result is again dimension-dependent: for a conical surface in
-for Schrödinger operators with δ ′ interaction mentioned in Remark 1 above one can often establish the existence of geometrically induced bound states comparing them to −∆ δ,α with the same Γ and α := 4 β , cf. [5] 3 Strong coupling asymptotics Our next topic is the strong-coupling behavior of the discrete spectrum. The main idea is that for large values of α the eigenfunctions are localized transversally being concentrated in the vicinity of Γ and the problem becomes effectively (d − 1)-dimensional; the question is how are the geometric properties of the support manifested. We have to adopt stronger regularity assumption. Consider first a C 4 smooth curve in R 2 without ends and self-intersections, either infinite or a closed loop. In the limit α → ∞ the j-th eigenvalue of H α,Γ behaves as
where µ j is the j-th eigenvalue of the operator
on L 2 (I) where I refers to the arc-length parameter being either R or a finite interval with periodic boundary conditions and κ(s) is the signed curvature of Γ at the point s, cf. [27] or [10, Thm. 4.1] .
Under similar hypotheses on smoothness and absence of boundaries imposed on a surface in R 3 , we have according to [16] the same asymptotic expansion, (4), however, µ j is now the j-th eigenvalue of
where −∆ Γ is the Laplace-Beltrami operator on Γ and K, M , respectively, are the corresponding Gauss and mean curvatures of the surface. Let us recall the technique which allows one to derive these results. It has three essential ingredients. The first is Dirichlet-Neumann bracketing [41, Sec. XIII.15]: we impose additional boundary conditions at the boundary Σ a of the tubular neighborhood of Γ of the halfwidth a. This yields a two-sided bound on −∆ δ,α and we have only to care about the neighborhood part because we are interested in the negative spectrum and the Dirichlet/Neumann Laplacian in the remaining part of R d is positive. In the second step one uses inside the tubular neighborhood the natural curvilinear coordinates, sometimes named after Fermi, and estimates the coefficients to squeeze the operator between those with separated variables. For a curve in R 2 , e.g., they arẽ
where , a) , respectively. We observe that for large values of α the presence of the boundaries causes just an exponentially small error:
Lemma 1 There is a positive c N such that T ± α,a has for α large enough a single negative eigenvalue, being a negative square of ζ ± α,a satisfying
In the final step we relate the neighborhood halfwidth with the coupling constant choosing a = 6α −1 ln α which yields the result. In the dimension three the argument proceeds in the similar way, the only difference is that we cannot 'straighten' the layer neighborhood fully, the geometry of surface Γ remains to be present in the Laplace-Beltrami operator [16] . The technique sketched above works in a number of other situations:
-instead of a loop or an asymptotically straight curve one can consider periodic manifolds, connected or disconnected; the asymptotic expansion analogous to (4) can be then derived for the fibre (Bloch) eigenvalues, cf. [10, Secs. 4.3 and 4.4] for details -in a similar way one can treat two-dimensional loops in a magnetic field perpendicular to the plane, where the role of the quasimomentum is played by the magnetic flux through the loop, cf. [10, Sec. 4.5] -one can also derive asymptotic expansions for interactions supported by curves in R 3 mentioned in Remark 2. In that case the divergent first term in (4) is replaced by 4 e 2(−2πα+ψ(1)) where −ψ(1) ≈ 0.577 is Euler-Mascheroni constant, i.e. the eigenvalue of a two-dimensional point interaction, cf. [2, Chap. I.5] and [10, Thm. 4.2] ; recall that the strong coupling regime means in this case the limit α → −∞ -with a small modification one can also derive in this way asymptotic expansions for the δ ′ interactions mentioned in Remark 1, cf. [13, 14] . The divergent term in this case replaced by − 4 β 2 and the error term is O(β| ln β|), recall that weak coupling here means the limit β → 0 On the other hand, the described technique is of limited use in the situation when Γ has a boundary as, for instance, a finite curve in the plane. The reason comes from the Dirichlet and Neumann conditions which now have to be imposed also on the 'lids' of the tubular neighborhood Γ a . As a result we get an estimate in which the comparison operator (5) appears with different boundary conditions which is sufficient to estimate asymptotically the number of eigenvalues but it is too rough to pinpoint each of them separately. A natural conjecture is that the 'correct' boundary conditions for (5) are in this respect Dirichlet. It appears that it indeed the case [25] :
4 smooth open arc in R 2 of length L with regular ends, i.e. there is neighborhood in which the curve can smoothly extended. Then the strong-coupling expansion of the j-th negative eigenvalue of
where µ j is the j-th eigenvalue of operator (5) Sketch of the proof: We employ again a bracketing. The upper (Dirichlet) bound works as before, while for the lower (Neumann) we use the fact that Γ has by assumption regular ends. This allows us to take an 'extended' tubular neighbourhood, at each endpoint longer by a := 6 α ln α. The trouble is that now we loose the advantage of variable separation and the task is to show that the Neumann condition imposed at this distance from the curve endpoints will have an effect which can be included into the error term.
The way to find such an estimate presented in [25] is based on the (generalized) Birman-Schwinger principle mentioned in the proof of Theorem 1 above. It says, in particular, that the eigenfunction of H α,Γ corresponding to an eigenvalue λ j = −ζ 2 j can be written as
where f j is the corresponding eigenfunction of the Birman-Schwinger operator acting on
; the claim of the theorem then follows from simple geometric estimates combined with the exponential decay of the Macdonald function K 0 at large distances.
In a similar vein one can treat surfaces with a boundary. Let Γ ⊂ R 3 be a C 4 -smooth relatively compact orientable surface with a compact Lipschitz boundary ∂Γ . In addition, we suppose that Γ can be extended through the boundary, i.e. that there exists a larger C 4 -smooth surface Γ 2 such that Γ ⊂ Γ 2 . As in the case when the boundary is absent we consider the operator
is Laplace-Beltrami operator on Γ , now with Dirichlet condition at ∂Γ , and K, M , respectively, are again the corresponding Gauss and mean curvatures.
We denote eigenvalues of this operator as µ D j , j ∈ N, then we have [9] :
Theorem 3 Let Γ be as above, then for a fixed j ∈ N the asymptotic expansion
is valid. If, in addition, Γ has a C 2 boundary, then the remainder estimate can be replaced by O α −1 ln α . Sketch of the proof: As in the previous case, the upper bound is easy because one can take a layer neighborhood of the surface Γ itself and impose the 'correct', that is, Dirichlet conditions at its boundary. Using then an estimate with separated variables, we get the result. The lower bound can be done in two different ways. One is to construct an explicit family of operators, cf. [9] for details, using the projection to the lowest transverse mode and its orthogonal complement, and to employ its monotonicity to prove the convergence. This gives the result but without an explicit error term; the advantage is that it requires the Lipshitz property for ∂Γ only. An alternative is to use the same idea as for the curves with ends based on Birman-Schwinger principle. This yields an error term, but since the boundary is a more complicated object now, we have to require a C 2 smoothness in order to be able to perform the needed geometric estimates.
Robin billiards
Let us now pass to our second topic, the motion in a finite region ⊂ R d with a mixed boundary conditions imposed on the boundary, for the sake of brevity we speak of 'billiards' with Robin boundary. We start with the two-dimensional situation. Let thus Ω be an open, simply connected set in R 2 with a closed
→ R being the signed curvature of Γ . We consider the boundary-value problem
with β > 0, where ∂ ∂n is the outward normal derivative. The corresponding self-adjoint operator H β is associated with the quadratic form
defined on Dom(q β ) = H 1 (Ω). The spectrum of H β is purely discrete, as before we are interested in the behavior of the eigenvalues as β → ∞. We consider again the operator S := − κ(s). It may seem that the quadratic forms (3) and (9) are closely similar to each other and that the previous results might be easily translated to the previous situation. However, more caution is needed. A naive use of the technique that led to the expansion (4) yields only a much weaker result,
The reason is that passing to the curvilinear coordinates in the vicinity of the boundary we get in the one-sided case a boundary term containing κ. If we want estimates with separated variables we have to employ rough bounds with κ * and κ * . However, the lower bound can be improved by a variational technique [24] ; this yields at least the first two terms in the expansion: Theorem 4 In the asymptotic regime β → ∞ the j-th eigenvalue behaves as
This result can be further improved in several directions, in particular, one can extend it to higher dimensions [38] :
Its j-th eigenvalue behaves in the limit β → ∞ as
where the second term is the j-th eigenvalue of the indicated operator; here −∆ S is the Laplace-Beltrami operator on S := ∂Ω and H is the mean curvature of the boundary,
In particular, if Ω has a compact C 2 boundary, then the second term is given by the maximum of H,
The error term can be further improved if ∂Ω is more regular [38] but it still does not distinguish between individual eigenvalues. This result also illustrates well the difference between the one-and two-sided situation. Take d = 3, then in the Robin case the next-to-leading-order term is linear in the coupling parameter and the 'effective potential' is given by the mean curvature only, while for Schrödinger operators considered in the previous sections the next-to-leading term is independent of the coupling and the potential is a combination of Gauss and squared mean curvatures, K − M 2 . In the two-dimensional situation, the asymptotic expansion can be under stronger assumptions improved to pinpoint individual eigenvalues [30] :
2 with a C ∞ smooth boundary, possibly infinite. Suppose that the curvature κ attains its maximum κ max at a unique point, and the maximum is non-degenerate, i.e. k 2 := −κ ′′ (0) > 0. Then for any positive j there exists a sequence {ζ i,j } such that, for any positive M , the j-th eigenvalue has for β → ∞ the following asymptotic expansion
Let us now make a short detour and show that a part of these results can be extended to nonlinear eigenvalue problems, specifically to the question about the spectral bottom of the p-Laplacian with Robin boundary conditions, that is
where ∆ p is the p-Laplacian, ∆ p u = ∇ · (|∇u| p−2 ∇u), and n is the outer unit normal. We ask about the smallest Λ satisfying the above equation, i.e.
Λ(Ω, p, β) := inf
-the boundary ∂Ω is C 1,1 , i.e. is locally the graph of a function with a Lipschitz gradient -the principal curvatures of ∂Ω are essentially bounded -the map ∂Ω × (0, δ) ∋ (s, t) → s − tn(s) ∈ {x ∈ Ω : dist(x, ∂Ω) < δ} is bijective for some δ > 0
The mean curvature H of ∂Ω is, as above, the arithmetic mean of the principal curvatures, and we set H max ≡ H max (Ω) := sup ess H. Then we have the following result [35] :
as β → ∞.
Remark 4
Before proceeding further, let us stress that these asymptotic results hold only for the 'attractive' boundary condition, i.e. β > 0 in (9) . In the 'repulsive' case, β → −∞, the behavior is completely different [28] : the eigenvalues approach those of the Dirichlet problem in Ω and the second term in the expansion reflects the behavior of the corresponding Dirichlet eigenfunctions on the entire boundary.
Asymptotic expansions for geometric perturbations
Returning now to singular Schrödinger operators, we note that the strong coupling regime is not the only asymptotic problem the leaky structure can offer. Let us turn to geometric perturbations. The simplest example is a broken line Γ = Γ β , that is, two halflines meeting at the angle π−β with a small β > 0. Since α > 0 is fixed now, we drop it from the notation of H α,Γ β ≡ −∆ α,Γ β writing it simply as H Γ β , etc. By Theorem 1 this operator has eigenvalues, in fact a single one for small enough β, and by a simple scaling argument together with an analogy with bent Dirichlet tubes [21, Chap. 6] lead us to conjecture that
with some a < 0 as β → 0+. The question now is (a) what is the coefficient a, and (b) whether a similar formula holds for more general slightly bent curves. Let us first specify the class of curves we shall consider: Γ will be a continuous and piecewise C 2 infinite planar curve without self-intersections parametrized by its arc length, i.e. the graph of a piecewise C 2 -smooth function Γ : R → R 2 such that |Γ (s)| = 1. Moreover, we suppose that
′ ∈ R, -there are real numbers s 1 > s 2 and straight lines Σ i , i = 1, 2, such that Γ coincides with Σ 1 for s ≥ s 1 and with Σ 2 for s ≤ s 2 , -one-sided limits ofΓ exists at the points where the functionγ is discontinuous.
In particular, the signed curvature
is piecewise continuous and the one-sided limits ofΓ , i.e. tangent vectors to the curve at the points of discontinuity exist. We denote them as
and shall speak of them as of vertices. Consequently, Γ consists of ♯Π + 1 simple arcs or edges, each having as its endpoints one or two of the vertices. The curvature integral describes bending of the curve. Specifically, the angle between the tangents at the points Γ (s) and Γ (s ′ ) equals
where c(p i ) ∈ (0, π) is the exterior angle of the two adjacent edges of Γ meeting at the vertex p i . Alternatively, we can understand φ(s, s ′ ) as the integral over the interval (s, s ′ ) ofκ :κ(s) = κ(s) + p∈Π c(p) δ(s − p). By assumption κ,κ are compactly supported, thus φ(s, s ′ ) has the same value for all s < s 2 and s 1 < s ′ which we shall call the total bending. What is important, one can reconstruct Γ fromk, uniquely up to Euclidean transformations, by
Now we introduce the one-parameter family of 'scaled' curves Γ β ,
note that depending on (non)vanishing of the total bending of Γ the limit β → 0+ may have a different meaning, which one might characterize as 'straightening' or 'flattening', respectively. To state the main result, we define next an integral operator A :
which has the following property [19] :
Lemma 2 Under the stated assumptions, we have R×R A(s, s ′ ) ds ds ′ < ∞.
Now we are in position to state the weak-perturbation result [19] :
Theorem 8 There is a β 0 > 0 such that for any β ∈ (−β 0 , 0) ∪ (0, β 0 ) the operator H Γ β has a unique eigenvalue λ(H Γ β ) which admits the asymptotic expansion
Sketch of the proof: We refine the technique used in the proof of Theorem 1 and employ again the generalized Birman-Schwinger principle noting that not only −ζ 2 with ζ > 
where χ Ω (·, ·) is the characteristic function of the set Ω, the union of the second and fourth quadrant. The integral of A(s, s ′ ) over the both variable can be computed explicitly giving
If we go one dimension higher the problem becomes more subtle because then global properties of the interaction support play now role; recall that if Γ is a (possibly locally deformed) conical surface in R 3 the discrete spectrum is infinite however 'flat' the cone may be [5, 37] . Let us thus restrict our attention to locally deformed planes: consider Γ β = Γ β (f ) ⊂ R 3 with β > 0 given by
where f : R 2 → R is a nonzero C 2 -smooth, compactly supported function and ask how the spectrum of H β behaves in the asymptotic regime, β → 0+. The answer, obtained again using Birman-Schwinger analysis [20] , brings to mind the weak-coupling behavior of two-dimensional Schrödinger operators.
Theorem 9 Let α > 0 be fixed and set
wheref is the Fourier transform of f . Then #σ disc (H β ) = 1 holds for all sufficiently small β > 0, and moreover, λ(H Γ β ) admits the asymptotic expansion
Magnetic wedges
This section is devoted to a different problem, the existence of bound states in the presence of a magnetic field with a particular geometry. To be specific, consider a charged particle constrained to a wedge Ω φ of a opening angle φ ∈ (0, π) with Neumann or Robin boundary and subject to a homogeneous magnetic field perpendicular to the plane. The scale invariance of the wedge allows us to assume without loss of generality that the field intensity B = 1. This problem is of physical interest appearing as a model in the analysis of the Ginzburg-Landau equation in the regime of superconductivity onset in a surface, occurring when the intensity of an exterior magnetic field decreases from a large, critical, value, cf. [32, 39, 40] and references therein. Let us first introduce the operator of interest. To begin with, we employ the circular gauge choosing the vector potential A:
and define the associated magnetic gradient, ∇ A := i∇ + A, and the magnetic first-order Sobolev space H 1 A (Ω). On the latter we define the (closed, densely defined, and semi-bounded) quadratic form
which is a magnetic generalization of (9) . To keep track of the parameters, we denote h for Ω = Ω φ by h R,φ,β . It is useful to consider at the same time Ω = R 2 where (12) is a magnetic generalization of (3) when we will write h δ,φ,β ; the analogous symbols will employed for the associated self-adjoint operators. In particular, H N,φ := H R,φ,0 is the magnetic Neumann Laplacian on the wedge Ω φ , and H δ,φ,β is the magnetic Schrödinger operator with a δ-interaction supported on the broken line Γ supported on the broken line Γ (in the notation of previous section we would write Γ = Γ π−φ ).
Let us first recall what is known and expected:
-the quantities Θ R,β := inf σ ess (H R,φ,β ) and Θ δ,β := inf σ ess (H δ,φ,β ) are independent of the aperture φ Fig. 1 The discrete spectrum of the Robin wedge is nonempty in the shaded region -in the Neumann case we have Θ 0 := Θ N,β ≃ 0.5901 -there is a conjecture [40] saying that σ disc (H N,φ ) ∩ (0, Θ 0 ) = ∅ holds for any aperture φ ∈ (0, π) -this conjecture is proven for φ ≤ 1 2 π, cf. [40] , the unpublished thesis [7] extends this result to apertures φ 0.511π -in the nonmagnetic case a Neumann wedge obviously has empty discrete spectrum, in contrast, Robin wedges and leaky broken lines have bound states, see [23] and Theorem 1 above
While we are not able to prove the above conjecture, our aim is to enlarge the range of parameters in which the answer to the question is affirmative. The method we employ is variational. First we take a simple trial function u(r, θ) = e −ar 2 /2 exp icr e θ − e φ−θ , a, c > 0 , expressed in the polar coordinates (r, θ); in contrast to earlier studies it contains the angular-dependent coefficient in the imaginary exponent. Evaluating the quadratic form for fixed φ ∈ (0, π) and β ∈ R we arrive, cf. [22] , at the fourth-order polynomial P φ,β (x),
if min x∈(0,∞) P φ,β (x) < 0, then σ disc (H R,φ,β )∩(−∞, Θ R,β ) = ∅ holds. Plotting the (φ, β)-plane we get a graphical solution to the condition shown in Fig. 1 . Note that this yields the existence of a bound state below the threshold of the essential spectrum also for the repulsive boundary, β < 0 with small absolute value, which cannot happen without the magnetic field. Furthermore, one can make the following conclusion:
From the physical point of view, however, the Neumann case, β = 0, is the most interesting, and there the indicated variational argument yields the sufficient condition φ 0.509π, slightly worse than 0.511π obtained in [7] .
To get a better result we use a more sophisticated trial function,
with the parameter a > 0 and arbitrary real-valued functions b k ∈ C ∞ ([0, φ]), k = 1, 2, . . . , N . Using functional derivative we can get an optimal choice of {b k } N k=1 by solving an appropriate system of linear second-order ordinary differential equations on the interval [0, φ] with constant coefficients. In particular, for N = 2 we arrive at the following conclusion [22] : . If φ ∈ (0, π) is such that
Numerical analysis of (14) yields now the existence of at least one bound state for all φ 0.583π, which is an improvement with respect to [7] . In principle one could proceed to larger values of N but it becomes more difficult to execute the functional derivative optimization rigorously. Using the above Ansatz with N = 4 we get numerically φ 0.595π; we expect that the present method is not likely to work beyond φ 0.6π, still far from the 'full' conjecture. Finally, let us mention briefly a related problem, bound states of the Schrödinger operator with δ interaction on a broken line, now in presence of a homogeneous magnetic field. Here we can make the following claim [22] :
Theorem 11 Let φ ∈ (0, π) and β > 0 be fixed, and let further F φ,β (·) be defined by
Sketch of the proof: We change the gauge, or equivalently, we rotate and shift the broken line Γ by the angle π/4 − φ/2 counterclockwise and shift it by the vector (−c, −c) ⊤ , where c > 0 is a parameter to be determined. Using the trial function given in the polar coordinates (r, θ) by u(r, θ) := e −ar 2 /2 , a > 0 , we get the sought statement after analytical optimization with respect to the parameters a, c > 0. Fig. 2 The discrete spectrum of the Schrödinger operator refers to the shaded region A graphical solution to the above condition is shown on Fig. 2 . We see that bound states always exist provided the shape of Γ is sharp enough, φ < 1 8 π.
At the same time, the result expressed by Theorem 11 is far from optimal. In particular, it is natural to expect that for weak magnetic fields (which by scaling correspond to large values of β) the bound states will survive even in situation close to the straight line, φ = π.
Conclusions
Despite a number of results achieved in this area recently, many questions remain open. Let us mention briefly some of them: -The asymptotic expansions in Sec. 3 were derived under relatively strong regularity requirements to the interaction support Γ . It is obvious that they cannot hold, say, if the latter is not smooth; one is interested what could replace them is such situations. More generally, an open problem concerns the strong-coupling behavior in situations when Γ has a more complicated topology, for instance, that of a branched graph. -In particular, consider the operator −∆ α,Γ where Γ is a graph with some edges semiinfinite and asymptotically straight and σ ess (−∆ α,Γ ) = [− 1 4 α 2 , ∞). As we have seen above in such situation we often have σ disc (−∆ α,Γ ) = ∅ for α > 0. The natural question motivated by the analogous problem in quantum waveguides [21] concerns the behavior of the 'renormalized' operator −∆ α,Γ + 1 4 α 2 as α → ∞, particular, the existence of the limit in the operator-norm sense. Motivated by [1, 8, 29] we propose Conjecture 1 The said limit, denoted as −∆ ren Γ , exists if −∆ α,Γ has a threshold resonance for some α > 0. It satisfies σ disc (−∆ ren Γ ) = ∅ but a nonempty discrete spectrum of the limiting operator could be achieved if we change simultaneously the geometry of Γ in a suitable way.
-Scattering theory for leaky wires have been so far worked out only in particular cases such as Γ being a local deformation of a straight line in R 2 [17] . For sufficiently smooth curves we expect that in the strong-coupling behavior of the scattering matrix the one-dimensional character will be dominant:
Conjecture 2 Let Γ be a C 4 -smooth and asymptotically straight planar curve. The on-shell scattering matrix Σ α,Γ (k) at energy k 2 satisfies Σ α,Γ (k− 1 4 α 2 ) −→ Σ SΓ (k) as α → ∞, where Σ SΓ (k) is the on-shell scattering matrix referring to the one-dimensional comparison operator (5).
-Concerning Robin billiards, the only result known so far which makes it possible to distinguish individual eigenvalues is Theorem 5. If the global maximum of the curvature is not unique, one has to consider tunneling between the corresponding 'potential wells' in the way analogous to the multi-well problem in the usual Schrödinger operator theory [31] . To extend the result of Theorem 5 to higher dimensions, one would have to address the known problem of frequency commensurability of the harmonic oscillator approximation at the bottom of the effective potential [3] .
-Validity of the magnetic wedge conjecture is another important open question, together with the analogous problem for magnetic Schrödinger operators with a broken δ line (and more general supports). In the latter case we do not even have a numerical hint that motivates the conjecture in [40] ; one could guess that a sufficiently strong magnetic field may destroy weakly bound states.
-Another open problem concerns for periodic manifolds. One naturally expects that the spectrum of −∆ α,Γ with Γ periodic in d ′ directions, 0 < d ′ < d, would be absolutely continuous, but only a partial result is known, or a similar claim in the situation when the geometry of Γ is trivial but the coupling strength is a periodic function, cf. [11] and references therein. -The list may continue but we prefer to stop here with the hope that we managed to convince the reader that the subject of this survey is interesting and it offers still many challenges.
